Abstract. Several inequalities of Grüss type for the Stieltjes integral with various type of integrand and integrator are introduced. Some improvements inequalities are proved. Applications to the approximation problem of the Riemann-Stieltjes integral are also pointed out.
Introduction
In 2002, Guessab and Schmeisser [3] , incorporate the mid-point and the trapezoid inequality together, and they proved the following companion of Ostrowski's inequality: 
This inequality is sharp for each admissible . Equality is obtained if and only if
= ± * + , with ∈ R and 
By Guessab-Schmeisser functional we mean the functional
provided that the Stieltjes integral 
In this paper we point out several bounds for the functional ( ; ) with various type of integrand and integrator. Improvements bounds for ( ; ) are proved. 
As is of bounded variation on [ , ] and is continuous, by (2.2) we have
Since is of bounded variation, then using the companion of Ostrowski type inequality (1.2), we may state that
It follows that
and the theorem is proved.
where
Corollary 2. Let be as in Theorem 6.
Remark 2. In Corollary1, we have the following cases:
(b) ∈ (1) [ , ], then we have the inequality: 
Using the companion of Ostrowski's type inequality (1.1), we may state that
and the theorem is proved. 
Corollary 4. Let : [ , ] → R be of --Hölder type mapping on [ , ]. (1) If is -Lipschitzian on
Therefore, we may deduce the following result. 
The case of absolutely continuous integrands.
| ( ; )| 1 4 ( − )‖ ′ ‖ ∞,[ , ] ( + )/2 ⋁︁ ( ).
Proof. As is of bounded variation on [ , ] and is continuous, by (2.2) we have
Since is absolutely continuous on [ , ] , then using the companion of Ostrowski type inequality (1.3), we may state that
Corollary 6. Let be as in Theorem 8. (1) If is -Lipschitzian on
[ , ], then | ( ; )| 1 8 ( − ) 2 ‖ ′ ‖ ∞,[ , ] . (2) If ∈ (1) [ , ], then | ( ; )| 1 4 ( − )‖ ′ ‖ ∞,[ , ] · ‖ ′ ‖ 1,[ ,( + )/2] . (3) If is monotonic on [ , ], then | ( ; )| 1 4 ( − )‖ ′ ‖ ∞,[ , ] · ⃒ ⃒ (︀ + 2 )︀ − ( ) ⃒ ⃒ .
The case of Lipschitzian integrators
3.1. The case of bounded variation integrands.
Proof. It is well-known that for a Riemann integrable function : [ , ] → R and -Lipschitzian function : [ , ] → R, one has the inequality (3.1)
Therefore, as is -Lipschitzian on [ , ], by (3.1) we have
Corollary 7. Let be as in Theorem 9. 
( + 1)( + 2) .
Proof. As is -Lipschitzian on [ , ] and is continuous, by (3.1) we have
Using the companion of Ostrowski type inequality (1.1), we may state that
, and the theorem is proved. 
Proof. As is -Lipschitzian on [ , ] and is continuous, by (3.1) we have 
A Numerical quadrature formula for the Riemann-Stieltjes integral
In this section, we use the results from the previous sections to approximate the Riemann-Stieltjes integral Summing the above inequality over from 0 to − 1 and using the generalized triangle inequality, we deduce that
